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ABSTRACT

A proposed artificial gravity experiment for the
second AAP Workshop would be performed by spinning the vehicle
and using the resulting centrifugal forces to simulate
gravitational forces. 1If, as in the first Workshop, power is
obtained from solar arrays, then the vehicle must be rotated
about an axis normal to the arrays, and this axis must be
aligned with the solar vector.

The Euler equations of motion governing rigid body
rotation are used to study the dynamic behavior of a Workshop
of the same configuration as the first Workshop. In the
absence of external torques, the results show that the solar
arrays cannot be kept pointed at the sun and that the dynamic
behavior is generally unacceptable. The ATM control moment
gyros are clearly inadequate for control of this configuration.
Various other configurations are studied and evaluated. Con-
figurations that show promise of good dynamic behavior include

ballast on deployable booms 40 to 100 feet in length.
The primary conclusion is that some modification of

the Workshop configuration is required to provide acceptable
rotational dynamics for the artificial gravity mode.

SEE REVERSE SIDE FOR DISTRIBUTION LIST




§
$
i
3

BELLCOMM, INC.

COMPLETE MEMORANDUM TO

CORRESPONDENCE FILES:

OFFICIAL FILE COPY

plus one white copy for each
additional case referenced

TECHNICAL LIBRARY (4)

NASA Headquarters

W. 0. Armstrong/MTX
H. Cohen/MLR

P. E. Culbertson/MT
J. H. Disher/MLD

W. B. Evans/MLO

L. K. Fero/MLV

J. P. Field, Jr./MLP
W. D. Green, Jr./MLA
W. H. Hamby/MLO

J. L. Hammersmith/MTP
T. E. Hanes/MLA

B. Maggin/PT

M. Savage/MLT
W. C. Schneider/ML

LaRC

P. R. Kurzhals/AMPD
MSC

O. K. Garriott/CB
F. C. Littleton/KM
C. F. Lively/EG23
A. J. Louviere/ET
0. G. Smith/KF

MSFC

W. B. Chubb/S&E-ASTR-SGD
B. J. Clingman/PM-AA

C. R. Ellsworth/PD~AP-S
G. A. Keller/PD-SS-T

E. F. Noel/S&E-ASTR-SI

»

T™- 70-1022-5

DISTRIBUTION

COVER SHEET ONLY TO

COMPLETE MEMORANDUM TO, continued

Martin-Marietta/Denver

G. Rodney

McDonnell-Douglas/East

M. Czarnik

McDonnell-Douglas/West

R. S. Buchanan
H. Curtis
R. J. Thiele

North American Rockwell

R. Westrup/SL-51

Bellcomm, Inc.

A. P. Boysen

D. R. Hagner

B. T. Howard

C. E. Johnson

R. K. McFarland
R. E. McGaughy

J. Z. Menard

P. F. Sennewald
R. V. Sperry

J. W. Timko

M. P. Wilson

Department 1022

Divisions 101, 102 Supervision
Department 1024 File

Central Files

ABSTRACT ONLY:

I. M. Ross
R. L. Wagner




BELLCOMM, INC.
955 L'ENFANT PLAZA NORTH, S.W. WASHINGTON, D. C. 20024

SUBJECT: Influence of Vehicle Dynamics on the DATE: April 17, 1970
Artificial Gravity Experiment on the
Second Saturn Workshop - Case 620 from: L. E. Voelker

TM-70-1022-5
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1.0 INTRODUCTION

An artificial gravity experiment has been proposed
for the second Saturn Workshop; it would be conducted during
portions of one or more of the CSM missions. Artificial
gravity would be obtained by spinning the vehicle about its
center of mass. If the source of power during the artificial
gravity experiment is to be solar arrays, and if these are fixed
perpendicular to the vehicle z-axis as in the first Workshop,
then this axis should be the axis of rotation and should be
oriented .along the solar vector. This paper considers the
dynamical problems of spinning up and rotating various Workshop
configurations about the sun-oriented vehicle z-axis.

The centrifugal force due to the rotation of the
Cluster will induce radial loads on some components which may
necessitate modification of various load bearing structures.
Deployed components, such as the Workshop solar arrays, the
Apollo Telescope Mount, and its solar arrays are particularly
vulnerable. Examples of component loads at the end of the spin-
up phase are presented. No conclusions on structural adequacy
are drawn, however, as the actual loads will depend on angular
acceleration and velocity limits which are not yet determined.
To determine these limits, more investigation is required, and
in the final section a list of specific items that require
further study is given.

1.1 Envelope of Parameters for Experiment

The purpose of the artificial gravity experiment is
to investigate the alleviating effects of an artificial gravity
environment upon problems which might occur in a long-term
zero-gravity environment. These problems are of two types:
physiological ones, including the effects on the cardiovascular
system, muscles, skeleton, and the reflexes; and habitability
problems such as floating debris, mobility, manipulation of
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objects and the containment of fluids. However, the rotating
vehicle produces its own set of peculiar difficulties for the
astronauts. These include physiological effects such as canal
sickness caused by over-stimulation of the vestibular organs [1l]*,
a gradient between the levels of induced gravity at the head and
feet, and habitability problems such as the unusual kinematics

of falling or thrown objects [2]. An uncontrolled rotating
vehicle, when disturbed, will wobble (a curvilinear oscillatory
motion of the spin axis), contributing to all of the above

ef fects [3]. These and other physiological and habitability
effects can be used to formulate limits of acceptability on
angular velocity, artificial gravity level, and spin radius. The

envelope of acceptability proposed by the Manned Spacecraft Center
consists of the following limits:

Minimum Maximum
Spin Radius 30 150 feet
Angular Velocity 2 10 rpm
Artificial Gravity Level .2 .8 G

This envelope and those proposed in References [1] and [3] are
outlined in Figure 1.

2.0 ANALYSIS

2.1 Ceneral Equations of Motion

The equations for angular motion of a body with respect
to an inertial reference frame may be written as

M=H (1)
where
M = the external applied moment vector
H = the total angular momentum vector ¢f the body

()

differentiation with respect to time.

If the body is a vehicle containing rotors or gyro-
scopes, equation (1) can be written in inertial coordinates as

M= (Tw) + H (2)

*Numbers in brackets refer to references listed at the end
of this report.
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where
I = the inertia tensor of the vehicle
w = the angular velocity vector of the vehicle
Eg = the angular momentum vector of the vehicle's

gyros.

Two representative terms of the symmetric inertia tensor are
given by:

o (y2+22) av (3)

H
il

XX
v

I
y2

- oyz dv (4)
Vv

where p (x,y,2) is the mass distribution of the vehicle. The
remaining terms are found through permutations of x,y, and z.

When written in terms of body-fixed vehicle coordinates,
equation (2) becomes

M= TIw + x Tw + H_ + X . 5
M w w w _g 2 ( )

2.2 Torque-Free Motion of a Rigid Vehicle

The particular case of "torque-free" motion (the
external moment is zero) of a vehicle without gyros is governed
by the following equation:

0=I(_:)_+gxI£ . (6)

If the expressions for the kinetic energy T and the magnitude
of the angular momentum vector H are recognized as
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T=32 (w- Iu (7)

H= (Iw - 12)1/2 (8)

both of which remain constant for torque-free motion, then
equation (6) can be solved analytically (see the Appendix).

The analytic solutions are of two distinct types. The first

type takes the form of a constant rotation about one of the
principal inertial axes. In the second type of solution, the
components of angular velocity are periodic functions, specifi-
cally, the Jacobian elliptic functions, as described in the
Appendix. In either case, if there is any internal damping in
the vehicle, the angular velocity vector will ultimately coincide
with the axis of maximum principal inertia.

2.3 Torque-free Motion of a Vehicle with Gyroscopes

. The governing equation in body-fixed coordinates for
torque-free (M = 0) motion of a vehicle with gyroscopes is

Iw + o x Tw + H + o x = 0. (9)
—g —

H
—-g

We will specify that the vehicle is rotating about its
geometric z-axis, as desired, with a constant angular velocity
W, thus, equation (9) becomes

w x Iw +H +wxH =0 . (10)
- = -9 - -3
For w = (0,0,wz), equation (10) can be expanded into
the following scalar equations

w?I -0 _+w H_ =0 (11a)
Z vz gx zZ gy

w?I +0_ +w H_ =0 (11b)
b4 xXZ gy z gx

i =0 (11lc)
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where H = (H Y.
—g

gx' Hgy' Fgz

The gyroscopes can be initialized such that their
momentum components along the spacecraft x and y axes are constant,
and there is no component along the z-axis. With such initial
conditions, the solutions to (1l1) are

ng = -w, Ixz (12a)
Hgy = -u, Iyz (12b)
ng = 0.

The smallest possible magnitude of gyroscope angular momentum
that will maintain steady rotation about the vehicle z-axis is,
therefore,

B, |

—g 'MIN - Yz (Ixz Yz

1/2
2) . (13)

2.4 Euler Angles

The Euler angles are used to describe the position of
a body undergoing arbitrary rotation about its center of gravity
(CG). If the body-fixed coordinate axes xyz are initially
coincident with an inertial reference frame denoted by coordinate
axes XYZ, then, by specifying three successive rotations in a
particular sequence, any orientation of the body with respect to
the XYZ axes can be described.

In Figure 2, a positive rotation ¢ about the Z-axis
generates x'y'Z; a rotation 6 about x' produces x'y"z; and
finally, a rotation ¢ about z results in the xyz body-fixed
coordinate axes.
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It is apparent that any possible orientation of the
axes xyz can be attained by performing the proper rotations in
the specified order. It is noted that the Euler angle 8 is
the angle between the inertial Z-axis and the body-fixed z-axis.

By inspecting the projections of the Euler angle rates
on the xyz axes, the components of the angular velocity vector
w, in body-fixed coordinate axes, can be written

w, = ) 56 s¢ + 6 co , (14a)

vy, = ) s6 co - & s¢ (14b)

w, = 6 + VU co (l4c)
where we have defined s6 = sin6 , s¢ = sin¢ , c6b = cosbo ,

and c¢ = cosé.

Equations (14) possess the following inverse relations

8 = W co - wy S¢ (15a)
v o= (o, S + oy co)/s6 (15b)
6 = w, - V) ch . (15¢)

In order to write a vector given in body-fixed
coordinate axes in terms of the inertial coordinate axes, the
transformation matrix is required. Referring back to the
definitions of 6, v, ¢ and writing out the rotations in matrix
form, we have

(x',yv',z2) = [yl X,Y,2) (16a)
(X',Y"'Z) = [96] (X'IY'IZ) (16b)
(x,y,2) = [¢o] (x',y",2) (16c)
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where, for example,

cy sy 0
[y] = -sy cy 0 (17)
0 0 1

m

and cy = cosy, sy siny.

Thus, the transformation relation is

r = [A] R (18)

where

[A] = [e] [e] [v] . (19)

R is a vector in inertial (XYZ) coordinates and r is the same
vector in body (xyz) coordinates.

In the same way,
R = [a] ¢ (20)
and the transformation matrix is, in full,

l'c¢c¢ - sycos¢ -syYclcd - cyusé

0
<
0
<D
“

' « .l N L P R WP} —~ )l ome L
+ . CyCusSy CyCuly — SyYS¢ -

f =1 o il . .-
tay = SyC
L s0s¢ sfco co I

which transforms from body-fixed vehicle coordinates to inertial
coordinates. The matrix [a] is the inverse of [A], and as any
matrix of direction cosines is orthogonal, it is also the trans-
pose of [A].

-
)
(¢}
Q
<=
n
D
—_
[\
'-.J
~~
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2.5 Method of Solution

Of primary interest in this study is the dynamic
behavior of the vehicle without gyroscopes, governed by the
equation

M=TIy + w x Iw (22)
from equation (5) and which can be rewritten in the form

. -1

w =1 M- w x Iw) (23)

where I_l is the inverse of the inertia matrix I.

For a given set of initial conditions for w, 8, ¥
and ¢, equations (15) and (23) give the corresponding initial

values for é, é, @, ¢. A computer program employing a modified
Runge-Kutta numerical procedure for solving a system of first
order differential equations is then called upon to predict
values at stated increments of time. The Euler angle 9, which
is the angle between the inertial Z-axis and the body-fixed
z-axis, is defined non-negative, so if the numerical computation
predicts a negative value for 6, control is returned to the
previous time step, the step-size is reduced, and new values

are calculated until the predicted values of 6 remain positive.

The program was checked against the known analytical
solution for torque-free motion as described in the Appendix.
A further check on the computational accuracy of the program for
torque-free motion is provided by calculating the magnitude of
the angular momentum vector H at each time increment and compar-
ing this value with the initial value. Dividing the difference
in these values by the initial value gives an indication of the
accumulative error. Restricting the difference to less than
0.01% of the initial value assures that the error does not grow
too large. Also, the angular momentum vector is evaluated using
two different relations, one using the angular velocity w and
the other employing the Euler angles and their time derivatives.
Computing the magnitude of the vector difference and restricting
it to less than 0.01% of the sum of the magnitudes assures that
the defining equations are being satisfied at each increment and
that the computational error is small. This latter check is
applicable not only for torque-free motion but also for motion
with applied moments.
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3.0 DYNAMIC BEHAVIOR

The analysis of the dynamic behavior of a vehicle
without gyroscopes, as outlined in section 2.5, is now applied
to a variety of configurations. The inertial properties of
each of the configurations were determined by means of a
computer program developed by P. G. Smith [5] which evaluates
the principal moments of inertia and the transformation matrix
(direction cosines) of the principal axes.

The dynamic behavior of the solar array normal can be
described by the Euler angles 6 and y which relate the body
fixed vehicle z-axis to the inertial coordinate system, as shown
in Figure 3. The inertial Z-axis is positioned on the sun-line,
positive away from the sun. The projection of the inward solar
array unit normal, r = (0,0,1) onto the inertial X-Y plane is
used to display the vehicle dynamics. 1Its magnitude is s6, and
y is the angle between the projection and the negative Y axis.
Figure 5 is an example of this display, where specific time
values are noted in minutes. This description can also be
considered as the trace of the point of intersection of the
vehicle z-axis with a unit sphere centered at the origin, as
viewed from the inertial Z-axis.

The behavior is studied by means of equations (15) and
(23) with the following two sets of initial conditions. 1In
both cases, the body fixed vehicle z-axis (inward solar array
normal) is initially positioned slightly off the solar vector
(o = 1°) in order to avoid computational difficulties in

t=0
equation (15).

1) Wle=0 = (Ololwz)r M= 0, (er\pl‘b)‘t____o = (1°,0,0).
This is torque-free motion with an angular velocity
w, about the vehicle z-axis sufficient to attain an
artificial gravity level of approximately 0.5 G at
the Workshop floor.

2) _0_3!1::0 = 01% = (Oroer)r (6,v,9) .t=0 = (1°,0,0).

Mz ié the constant applied torque in vehicle coordinates

developed by the CSM thrusters about the center of
gravity of the Cluster. A 200 pound thrust in the minus
y-direction is applied long enough to attain approxi-
mately 0.5 G level of artificial gravity at the Work-
shop floor.
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It is also of interest to investigate the loads induced
on the components of the Cluster by the motion. 1In this report,
the loads, as described by the force and moment vectors on the
hinge joint of one of the Workshop solar arrays, are shown as
functions of time. General expressions for the loads on any
component are:

EC=mC (_ulx£c+9_x£x_]:;c)
M. = r. x F (24)
=] =3 -
where
Ec = force vector acting at the CG of the component
M. = moment vector acting at the joint of the
] component
m, = mass of the component
I, = position vector of the component CG with
respect to the Cluster CG
Ej = position vector of the component CG with

respect to the joint of the component

It is shown in the Appendix that the angular velocity
and its derivative are periodic functions of time for torque-free
motion. Therefore the loads are periodic. For the first set of
initial conditions the loads are shown for their first period.

In order to make comparison easy, the loads resulting from the
second set of initial conditions are also shown for the first
period of the torque-free motion which begins when the thrusters
are shut off.

The preferred orientation of the angular velocity

vector is the vehicle z-axis (normal to the solar arrays) but
the actual orientation of the ultimate congtant angular velocity
of an uncontrolled vehicle with damping is the principal axis

of maximum moment of inertia. Thus, the offset angle, a,
defined as the angle between the z-axis and this principal axis,
will be of major importance, and, as will be demonstrated, the
governing parameter in determining the acceptability of a con-

figuration for the artificial gravity experiment.
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3.1 Case 1l

The first configuration considered is essentially
identical to the first Workshop except for added consumables
and tanks for its one year mission. Changes in experiments
and other modifications will further change the mass and inertia
properties of the vehicle, so the following results should be
interpreted in a qualitative manner. However, the primary con-
clusions will certainly remain valid.

For this configuration, shown in Figure 4, the offset
angle a has the value 33°. With an assumed spin radius of 36
feet from the vehicle CG to the Workshop floor, an angular
velocity of w, = 6.36 rpm about the z-axis is required to attain

approximately 0.5 G artificial gravity level at the floor (see
Figure 1l). Assuming the specific impulse of the CSM thrusters
is 310 sec., spin-up to 6.36 rpm would take approximately 6
minutes and would consume 418 1lbs of fuel.

For the first set of initial conditions, torque-free

motion with 3.t=0 = (0,0,wz), the resulting behavior of the

vehicle z-axis, as described by s6 vs ¢, is shown in Figure 5.
The amplitude of oscillation of ¢ is approximately 2a. The
vehicle z-axis approximately cones about the axis of maximum
principal moment of inertia, while this principal axis approxi-
mately cones about the inertial Z-axis. Both cones have a half-
angle of a. The force and moment components at the Workshop
solar array hinge due to this motion are shown in Figure 6 for
one period of their oscillation. The cusp between 0.5 and 0.6
minutes (at ¢ = 1210°) in Figure 5 corresponds to the end

of this period in the torque-free motion. At this point, the
angular velocity returns to its initial value but the body-fixed
z-axis has not returned to its original position, illustrating
that the Euler angles are not periodic functions.

With the second set of initial conditions (constant
torque spin-up), the lack of control in the vehicle makes it im-
possible to attain the required angular velocity. During spin-up
the angle ¢ increases beyond 90° to a maximum of 175°. For such
large values of 6 the major effect of the applied moment is to
change the orientation of the angular momentum vector and not to
increase its magnitude, as intended. After 6 minutes of thrust-
ing, the magnitude of the angular momentum H is only 13% of the
necessary value. The behavior of the z-axis, beginning at 6
minutes, is shown by the polar plot of s6 vs ¢ in Figure 7; the
dashed lines indicate that 6 > 90°. These large amplitude
oscillations are due primarily to the large value of o and the
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lack of control in the vehicle. If control moment gyros were
to be used to maintain the first set of initial conditions,
they would need a 170,000 ft-lb-sec momentum capability. As
the currently available CMGs are rated at 2000 ft-lb-sec each,
this type of control is not feasible. 1If thrusters are con-
sidered as a control means, 120,000 ft-1b of torque would be
required constantly.

The power output capability of the solar arrays varies
approximately linearly with the cosine of the angle between the
solar vector and the perpendicular to the arrays. If the
vehicle in case 1 is rotated about its axis of maximum principal
moment of inertia, and this axis is pointed at the sun, no con-
trol would be necessary to maintain constant angular velocity
(in the absence of external disturbances), but the power capa-
bility of the arrays would be reduced by about 16%. Small
changes in the inertia properties of this configuration could
increase this power penalty to 75%.

3.2 Case 2

The rather large angular velocity of 6.36 rpm needed
to attain an artificial gravity level of 0.5 G in case 1 is
due to the comparatively short spin radius of 36 feet from the
Cluster CG to the floor of the Workshop. The configuration
studied now is one where the spent SII stage remains attached to
the Workshop as shown in Figure 8. The CG of this configuration
is in the waste tank making the Workshop floor an unsuitable
site for the artificial gravity experiment. But if a floor is
installed in the Multiple Docking Adapter (which would have only
25% of the floor area of the Workshop) and is used for the arti-
ficial gravity experiment, the spin radius is increased to 65
feet and an angular velocity of 4.76 rpm would be required for
a 0.5 G artificial gravity level (see Figure 1).

The offset angle o for this case is still quite large
and the dynamic behavior is quite similar to that of case 1,
shown in Figures 5 and 7. The primary difference between the
results is an increase in the length of the period of the
oscillatory motion. This is caused by the marked increase in
the inertia properties; the maximum moment of inertia is larger
than in case 1 by nearly an order of magnitude. The CMG capabil-
ity required to maintain the constant angular velocity vector
parallel with the body-fixed geometric z-axis is also dependent
on the inertia properties. It is a function of the products of
inertia and is double the value of case 1. The fuel used during
spin-up and spin-down operations is not only dependent on the
inertia properties but also the angular velocity required and
the moment arm of the CSM thrusters (longer in this case because




[

BELLCOMM. INC. ~13-

of the new CG location). However, the order of magnitude
increase in inertia overshadows the effects of the other terms
and the amount of fuel required for spin-up increases by a
factor of three.

These very large inertia terms would also seem to
make any existing attitude control system ineffective. Also,
because of the location of the center of gravity, the zero-
gravity point is unavailable to the crew.

3.3 Case 3

In order to reduce the value of o in case 2, the cross-
shaped solar arrays on the ATM are removed. To maintain the
power supply capability, the Workshop solar arrays are extended
to twice their original size. These modifications reduce a to
22°, So as to generalize this configuration to accommodate
either solar or stellar astronomy by the ATM, the ATM experiment
package is mounted on a ring gear that surrounds the MDA. This
gear is assumed capable of rotating the ATM through an angle ¥y
about the geometric x-axis of the vehicle, where y is measured
from the solar ATM position. This configuration is shown schema-
tically in Figure 9.

As a result of the rotation of the ATM, the inertial
properties of the Cluster change and so, too, does the value of
a. The offset angle o versus the ATM position angle y is shown
in Figure 10. There are four values of y for which o reduces to
1.5° or less. If the ring gear were not used, but the ATM
mounted permanently at an angle y that makes o ~ 1.5° or less,
options are available for either type of astronomy. For y ~ 15°
the ATM would be in a suitable position for solar astronomy;
for y ~ 195° stellar astronomy would be most practical; while
for y ~ 77° and y ~ 255°, it is possible that either solar or
stellar astronomy could be accomplished by permitting large
angular rotations of the experiment package relative to the ATM
structure.

With a reduced vaiue of a ~ 1.5%, the CMG capability
would still have to be 14,000 ft-lb-sec to hold the angular
velocity vector parallel to the geometric z-axis. However, if
the vehicle is allowed to spin about the axis of maximum principal
moment of inertia, the resulting steady rotation (neglecting
external disturbing torques) would require no CMG control.
Rotation about this axis imposes a penalty on the solar power of
approximately (1 - cosa) if the axis is directed at the sun.
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Figure 10 also shows the limits on the offset angle o for solar
power penalties of 1%, 2%, and 3%. So it would seem that
positioning the ATM body properly will give satisfactory dynamic
behavior with an acceptable loss of solar power. However, as in
case 2, there is no zero-gravity location available and the fuel
requirement is the same. All of the problems caused by the
increased inertia properties are still extant, even with an
acceptable value of a.

3.4 Case 4

The fourth configuration is similar to the original
configuration of case 1 where the S-II stage is jettisoned. A
stellar, rather than solar, ATM is included. Stellar astronomy
is accommodated by relocating the ATM solar arrays inboard on
the MDA, and the ATM on the plus z-axis 180° from the original
location. This modification reduces the offset angle o to 18°,
as shown in Figure 11, but the CG location on the x-axis is the
same as case 1. Thus the spin radius, angular velocity, and
gravity level are all identical to case 1, with the artificial
gravity experiment location again at the Workshop floor.

The dynamic behavior of this configuration with the
first set of initial conditions (torque-free constant angular
velocity) is similar to that of case 1 with the Euler angle ©
oscillating with an amplitude of approximately 2a. The motion
of the body-fixed z-axis is shown in the s¢8 vs ¢ peclar plot of
Figure 12, where the radial scale for s6 has been changed from
that of Figure 5 (case 1) in order to show the details of the
motion more clearly.

The loads on the Workshop solar array induced by this
motion are pictured in Figure 13 for one period of oscillation.
This period is smaller than that of case 1, shown in Figure 6,
because of the different inertial properties (the initial condi-
tions are identical). The peak-to-peak amplitude of the periodic
loads is less than that of case 1.

Subject to the second set of initial conditions (constant
torque spin-up), the behavior of case 4 is much smoother (less
wobble) than case 1. During spin-up the Euler angle 6 does not
increase beyond 40° so the constant applied torque is steadily
increasing the magnitude of the angular momentum of the vehicle,
not merely changing its orientation. As a consequence, in
contrast to case 1, at t=6 minutes (when the torque free motion
beging), the angular velocity is sufficient to produce an
artificial gravity level of approximately 0.5 G. The motion of
the body-fixed z-axis is shown in the polar plot of Figure 14,
where the radial scale for s6 has again been changed from case 1.
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The loads on the Workshop solar array for one period
of torque-free motion after spin-up are shown in Figure 15.
Comparison with Figure 13 reveals that the loads have a different
profile for the two sets of initial conditions. This is due to
the fact that the character of y at t=0 (Figure 13) is not
duplicated at t=6 minutes (Figure 15), and the torque-free
motion depends very strongly on these initial conditions. The
period of oscillation, however, depends on the angular momentum,
kinetic energy, and inertia properties, and is approximately
the same for the two.

In order to control this motion by means of CMGs,
equation (15) indicates that for this case, |§g| = 120,000 ft-1b-

sec which is still far beyond present capabilities. If, however,
the vehicle is rotated about the axis of maximum principal moment
of inertia to achieve steady motion, the penalty on the solar
power supply would be only 5%.

A configuration acceptable for solar astronomy, with
the ATM in its original position but the ATM solar arrays remounted

on the opposite side of the MDA, will have similar dynamic prop-
erties.

3.5 Case 5

Remounting the cross-shaped ATM solar arrays inboard on
the MDA on the negative z-axis, as in case 4, but positioning
the ATM experiment package 90° from its original position results
in the configuration shown in Figure 16. Either solar or stellar
astronomy could be accommodated if the ATM experiment package
were relocated within the ATM structure. This configuration
reduces o to 3.5° and the dynamic behavior of the vehicle is
relatively smooth as compared to the previous cases considered.
The motion of the z-axis is shown in the s6 vs y polar plot of
Figure 17, which again has a different radial scale for s6. The
maximum value of 6 under the first set of initial conditions is
8°, still approximately twice the value of o. The loads on the
Workshop solar array for one period of the oscillation are shown
in Figure 18. The motion has very little wobble and thus the
loads approach constant values.

The behavior of this configuration after being spun-
up according to the second set of initial conditions is extremely
smooth. At t=6 minutes the Euler angles are (6, ¢, ¢) = (4, 273,
151) degrees and the angular velocity is w = (.18, -.31, 6.7) rpm.
The vehicle z-axis describes an almost perfect cone of about 2°
half-angle about an axis which is 3° from the inertial Z-axis.
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The s6 vs y polar plot would appear as a slightly off-center
circle which is constantly being repeated. The force components
exerted on the Workshop solar arrays by this motion are very
nearly constant, varying by only 5 lbs as compared to the
variation of 25 lbs in Figure 18 resulting from the first set

of initial conditions.

The CMG capability required to align the rotation vector
with the geometric body-fixed z-axis of this configuration is
about 20,000 ft-lb-sec, which is still too large. But with
a = 3.5°, the power loss caused by rotating about the axis of
maximum principal moment of inertia would be only 0.6%. Thus,
constant rotation about this axis would be acceptable.

3.6 Case 6

Reducing the offset angle can be accomplished in many
ways, including rearrangement of the internal layout of the
Workshop so as to reduce the product of inertia terms Ixz and
Iyz’ In case 3 it was shown that rotation of the ATM could
reduce o to an acceptably small value at four different posi-
tions.

If the S-II stage is jettisoned, case 3 becomes the
configuration shown in Figure 19, with the ATM mounted on a ring
gear. Again the offset angle o becomes a functicn of the angle
of rotation y of the ATM, which is shown in Figure 20. There
are four wvalues of y which reduce o to 4° or less. Rotation
about the sun-oriented axis of maximum inertia would impose no
more than-a 1% penalty on array power output.

As in case 3, if the ATM is permanently repositioned
and the experiment package is given two degrees of freedom, then
solar or stellar astronomy would be feasible.

In order to evaluate the effect of possible changes in
the inertial properties, the mass distribution of case 1 was
altered so as to produce a new value for o of 70°. Using this
new value, case 6 was analyzed again and the o vs y results are
shown in Figure 21. The effect is less qualitative than quan-
titative in nature and the offset angle o is now more sensitive
to positioning of the ATM experiment package, but it is still

possible to attain minimum solar power loss for certain values
of v.




.
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3.7 Case 7

Without making any modifications in the positions of
the components, the inertial properties of the assembly can be
altered by deploying counterweights on booms. In this analysis,
the counterweights are treated as point masses with no intrinsic
inertial properties. Only their mass and fixed position with
respect to the assembly's center of gravity affect the inertial
properties of the entire Cluster. The size of a single mass is
limited to a maximum of 20 slugs and the length of the boom to
200 feet. In addition, the booms should intersect the spin axis
perpendicularly so that the masses will exert only tensile forces
on them. As the optimum orientation of the spin vector would be
coincident with the body-fixed geometric z-axis, the positions
of the ballasting masses are restricted to plus or minus 10 feet
from the center of gravity in the zZ-direction. This restriction
assures that the booms can be mounted to the Workshop within
its basic diameter.

The first type of ballast considered is composed of
symmetric point masses of 20 slugs each located at (X, ¥, Z)
and (-%, -V, -Z) with respect to the assembly's center of gravity.
For any particular value of Z, the values of the offset angle o
generated by point masses at X, ¥ form a surface over the X, ¥
plane. This surface has a "valley" with a nearly constant value
of minimum «, occurring when the axis of maximum principal moment
of inertia lies in the ¥Z plane. The minimum value of the offset
angle o (~5°), is due to the fact that the axis of minimum
principal moment of inertia is 5° from the body-fixed geometric
x-axis. This is caused primarily by the product of inertia term
I 0 which is on the order of 3 x 105 slug ft2. With a total
mass of 40 slugs and Z = 10 ft, each mass would have to be posi-
tioned at X = *750 ft in order to completely cancel Iene This

minimum of o ~ 5° is, for reasonable boom lengths, an absolute
minimum if the ATM is deployed on the minus z-axis. The angular
velocity vector cannot therefore be perfectly aligned with the
z-axis.

The lines on Figure 22 are the locus of the mass
location points which, for different values of 2, give the
minimum o« of approximately 5°. It is apparent from Figure 22
that Z = -10 feet is the optimum value for minimum spar length.
Figure 23 shows, in more detail, the contours of constant values
of o corresponding to symmetric positioning of 20 slugs at
(X, ¥, -10') and at (-%, -y, 10').




BELLCOMM, INC. -18-

Smaller masses may be deployed with similar results
and Figure 24 shows the minimum o ~ 5° and also o = 6° contours
for masses of 10 and 15 slugs placed symmetrically at (x, y, -10')
and (-x, -y, 10'). The 20 slug case is repeated from Figure
23. From this figure, two counterweights of 644 pounds each
would require booms approximately 40 feet in length, while less
mass, say 483 pounds per counterweight, would require booms

about 50 feet long, and two 322 pound counterweights would need
70 foot booms.

Ballasting with non-symmetric positieons (%X, ¥, -10')
and (X, -y, 10') of the 20 slug masses was also considered. As
shown in Figure 25, the surface of values of o is of quite
different shape than that of Figure 23, though the values for
X = 0 are identical. The minimum boom length for this non-
symmetric deployment always occurs when ¥ = 0. With symmetric
deployment, however, shorter boom lengths are possible. This is
evident from Figure 24 with X given a small negative value for
10 slug masses.

It appears that deployment of ballast masses is a
possible way to reduce a, but the problems of precise deployment
and the stiffness of the deployment booms must be considered in
more detail.

4,0 DISCUSSION

It is apparent that the vehicle dynamical behavior is
highly dependent upon the offset angle a, defined as the angle
between the geometric, body-fixed z-axis and the axis of maximum
principal moment of inertia. The angle o must be small to permit
the use of the solar arrays for electrical power. The configura-
tions with the ATM optimally positioned (cases 5 and 6) and
with ballast on deployable booms (case 7) reduce o to an accept-
able value.

Permanent repositioning of the ATM at a position that
gives minimum o might seem at first to be appealing. However,
other factors must be considered, primarily, the required changes
in the ATM to meet the astronomy objectives. Also the orientation
of the axis of maximum principal moment of inertia cannot be
precisely predicted before launch. Further, during the mission,
leakage, use of consumables, disposal of waste, etc., will be
changing the mass and inertia properties of the vehicle. However,
rotation of the position of the ATM about the geometric x-axis
has a great deal of control over ao. The configuration in case 6
where the ATM solar arrays are incorporated in the Workshop solar
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arrays and the ATM body is mounted on a ring gear would appear
to be the most versatile of all considered. It has the capa-
bility of minimizing the effects of the indeterminate changes
in mass or inertia properties by in-flight change in the posi-
tion of the ATM. The ring gear could also provide one of the
two degrees of freedom of the ATM, relative to the Workshop,
that are needed for stellar astronomy.

Factors which were not considered in this investigation
but which are felt to be of importance and require further

study for the artificjial gravity experiment include the follow-
ing:

l. Provision of an internal, passive damping system in
order to:

a) reduce the wobble (oscillatory motion) of the spin
axis during spin-up

b) align the angular velocity and angular momentum
vectors with the axis of maximum principal moment
of inertia

c) reduce the effects of perturbations due to crew
motion, changes in mass and inertia properties,
external influences, etc.

2. An analysis of the internal dissipation of energy due
to the hysteresis effect of the oscillatory loads as

an aid to la, b, c.

3. A thorough investigation of the external influences of

a) gravity gradient torques

b) aerodynamic torques

4, The elastic response of some of the components to
structural loads induced by the dynamic behavior.

5. An attitude control system that will maintain a constant
angular velocity about the sun-line despite

a) external torques
b) changes in mass and inertia properties
c) an approximate one degree per day rotation of the

sun-line during the 30-day artificial gravity
experiment.
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5.0 CONCLUSIONS

If solar power is to be used during the artificial
gravity experiment, the offset angle o between the geometric
z-axis and the axis of maximum principal moment of inertia must
be reduced. It must be reduced to such an extent that rotation
about this principal axis will not impose too great a penalty
on the power output of the solar arrays. Minimization of «
will require major modifications, internal and/or external, or
possibly some sort of inertial ballasting.

q( C%s_ é&l!(?é .
1022-LEV-cf L. E. Voelker
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APPENDIX

Torque-free Rotational Motion of a Rigid Body *

The equation of motion of a rigid body rotating about
its center of gravity in body-fixed coordinates is

Io + w x Iw = 0 , (A-1)

where
I

the inertia tensor

w = the angular velocity vector

(") = the derivative with respect to time

We may choose the body-fixed coordinate axes to be the
axes of principal moments of inertia (Il, I,, and I3) so the

inertia tensor is diagonal. We can further label the principal

moments of inertia such that I, > I, > I,.

Equation (A-1) can then be written in scalar form as

Ilwl = (12 - 13) wywy (A-2a)
Izw2 = (I3 - Il) wyws (A-2Db)
13w3 = (Il - IZ) wqw, : (A-2c)

where Wyr Wy and wy are the components of angular velocity about
the principal axes. In order feor a non-symmetric body (Il, 12' I

all distinct) to undergo steady rotation about an axis, w = 0
and equations (A-2) become

wywq = 0 (A-3)

*This analysis is included for the sake of completeness.
Similar derivations are listed in the Appendix bibliography.
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A non-trivial solution exists if one and only one
component of angular velocity is non-zero. Thus, steady rota-
tional motion about an axis is possible only if it is a principal
axis.

In order to solve equations (A-2) for general (non-
steady) rotational motion we now write expressions for twice
the kinetic energy T and the square of the magnitude of the
angular momentum vector H.

2T = I,w 2 + T, w 2 + I.,w 2

191 202 393 (A-4)

B = (T (e + (Tquy)? (a-5)

Both T and H remain constant during torque-free motion if there
is no internal energy dissipation. From (A-4) and (A-5) we can
write expressions for wq and w3 in terms of w

2’
2 _ 2 _
wy" = Cl Czwz (A-6a)
2 _ 2 _
wy = C3 C4w2 (A-6Db)
where
(21.T-H?)
S T% =T) (A-7a)
1'737 1
I (I.-I.)
5 Cy = 12 12-13 (A-7b)
1'7173
\ (211T-H2)
3 I, (1,71,
' I,(I,-1.)
Cy = T (A-=7d)
3'737 01
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Squaring both sides of (A-2b) and substituting (A-6),
we have

2
- 2 3771 2 2

With the proper transformations, equation (A-8) can be written
in the form '

2
(%X) = (1-y") a-k%y?) (a-9)
X
w2
where y = - X = pt, and b and p are chosen such that
0 <k < 1. The parameters b, p, and k are functions of
Il' 12, I3, T and H. Equation (A-9) can be integrated to give

Y
- Sy (A-
X A-10)
j; V1..y2 Vl—kzyz

This is the form of an elliptic integral that has a
periodic solution called the Jacobian elliptic function

y = sn(x) ., sn(0) =0 (A-11)

with a period of 4K, where

1
K = f 9y (A-12)
0
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We may define other elliptic functions as

V1 - sn?(x) (A-13a)

cn (x)

dn (x) V1 - k2sn? (x) (A-13b)

The similarity between the elliptic functions sn(x) and
cn(x) and the circular (trigonometric) functions sin(x) and cos (x)
can be seen by allowing k to go to zero. Equation (A-9) then
becomes

2
(g%) = (1-y?) (A-14)
with the solution
y = sin(x) . sin(0) =0 (A~-15)

and the following relations hold:

sn (x) k=0 = sin(x) (A-16a)
cn (x) k=0 = cos (x) (A~16Db)
dn (x) k=0 = 1 (A-16C)

Using these elliptic functions, the solution to equation
(A-8) may be determined.

From (A-4) and (A-5), it follows that ZIlT—H2 > 0 and

2I3T-H2 < 0. The components of angular velocity depend upon
the sign of the term H2-2I2T. If this term is positive,
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wy = aldn(pt) (A-17a)
Wy = aZSn(pt) (A-17b)
w3 = a3cn(pt) (A-17c)
where
2 = C 2 - = - > -
ay 1 v a, C3/C4 , ay = ¢L3 (A-18a,b,c)
2 - 2_ - -
P (H 2TI,) (Il 12)/1:11213 (A-184)
2 - - 172 - 2 -
k (I2 13)(2TIl H )/(Il 12)(H 2TI3) (A-18e)

If the term H2-2I,T is negative,

wy = alcn(pt) (A-19a)

wy = azsn(pt) ’ (A-19b)

wy = a3dn(pt) (A-19¢)
where

al2 =C, a22 = Cl/C2 , ay = —ﬁf; (A-20a,b,c)

For further details on the mathematics of Jacobian
Elliptic Function, see sections 13.1 and 14.1 of Synge and Griffith,
"Principles of Mechanics," McGraw-Hill, 1959.
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If there is any energy-absorbing mechanism in the body,
such as viscous damping or structural hysteresis, then the
periodic solutions given by equations (A-17) or (A-19) will
eventually be damped out and the motion will be steady (w=0).

As shown above, this implies that the angular velocity vector lies
on an axis of principal moment of inertia. Because of the energy-
absorbing mechanism, the final stable motion will be steady
rotation about that principal axis which makes the kinetic energy
a minimum. The angular momentum, however, will remain constant

as there are no external moments applied.

The kinetic energy T for rotation about a principal
axis X, with an angular velocity wy is, by equation (a-4),
2
T = I,og /2 (A-21)
and the magnitude of angular momentum H is, by equation (A-5),
H=T.w. (A-22)
thus the kinetic energy can be rewritten as

2
T = H /21i (A-23)

and, as the angular momentum remains constant, steady rotation
about the axis of maximum principal moment of inertia has the
minimum kinetic energy.
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FIGURE 4 - CASE 1: SATURN WORKSHOP AUGMENTED FOR ONE YEAR MISSION
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FIGUhE 19 - CASE 6: WORKSHOP WITH ATM ON RING GEAR, ATM ARRAYS ADDED TO WORKSHOP ARRAYS




9 3SVI HOd4 WLV JHL 40 NOILISOd 'SAD 3TONY L3S440 IHL - 02 3HNOI4

NOILISOd HVT10S WLV 3HL WOHd A NOILVLIOH 40 ITONV

009¢ 0042 o08L 006

0L

002

%€
ALTYN3d H3IMOd HVI0S

TVINHON AVYHHVY HV10S IH1 WOHd
$334930 © A8 135440 SIXV TVdIONIHd
3H1 1N0g9VY NOILVLOY HOd SSO1T HIMOd

o0l

002

D ITONV 138440



S311H43d0Yd VILHINI 343 LTV HLIM 9 3SVD HOd WLV FHL 40 NOILISOd 'SA D ITONV 138440 FHL - LZ 3HNOIL

009€

NOILISOd HVYTOS WLV IHL WOHd A NOILVLOH 40 ITONV

o0L2

0081

006 0

I

T

HV10S

S$SO7 H3IMOd

%l

%<

%€

TVWHON AVHYV HVYT0S IHL NOYHd
$334934 0 A9 135440 SIXV TVJIONIHd
3HL 1NO9V NOILYLOH HOd SSO17 H3IMOd

o0E

D 3J1ONV 135440



OCI OF + Y MASS
‘OR MINIMUM a

20 SLUGS AT (X, Y, 2)

— — 7 T

—
-~

F—— 50

___| (ATM NOT SHOWN)

FIGURE 22 - THE EFFECT OF z OF SYMMETRIC BALLAST MASSESON a

X

(FT)



Y (FT)

MINIMUM
= 50
LOCI OF +Y MASS

20 SLUGS AT (X, Y, -10) FT

| =
_/I -
— et X (FT)
| -50 N 50

_ (ATM NOT SHOWN)

F===1
20 SLUGS AT (-X,-Y, 10) FT | |
l |

FIGURE 23 - THE EFFECT OF x, y OF SYMMETRIC BALLAST MASSES ON a



Y (FT)

LOCI OF +Y MASS

a = 5% (MINIMUM)

— —— a=6°

X (FT)

FIGURE 24 - THE EFFECT OF SIZE OF BALLAST MASS ON a




Y (FT)

- 100

a = 65°

LOCI OF +Y MASS

20 SLUGS AT (X, Y, -10) FT

| dmpess

L] | | 1 L4 A W Tl | L X (FT)
L Sa— j LIS RS T 1 T

| -50 - - 50

- (ATM NOT SHOWN)

20 SLUGS AT (X, -Y, 10} FT

FIGURE 25 - EFFECT OF NON-SYMMETRIC BALLAST MASSES ON a




